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THE CALCULATION EXPRESSIONS OF CUMULANTS AND
THERMODYNAMIC PARAMETERS ACCORDING TO NEW STRUCTURAL
PARAMETERS BY POTENTIAL EFFECTIVE INTERACTION IN XAFS

SUMMARY

Nguyen Ba Duc”

Tan Trao University

On the basis of quantum statistical theory with phonon interaction procedure, the expressions
describing asymmetric component or cumulants include the first cumulant or thermal expansion,
the second cumulant or the mean square relative displacement (MSRD) or Debye-Waller factor,
the third cumulant and thermodynamic parameters including the anharmonic effects contributions
of cubic crystals (face center cubic — fcc, body center cubic - bee) has been formulated. By using
potential effective interaction in the anharmonic correlated Einstein model has derived new
structural parameters, this parameters can provide the distribution of atoms. The expansion of
cumulants and thermodynamic parameters through new structural parameters has been performed
in X ray absorption fine structure (XAFS) theory. Numerical results for cooper (Cu) crystals are

found to be good agreement with experimental.

Keywords: anharmonic, XAFS, cumulants, thermodynamic, parameters

INTRODUCTION

In the harmonic approximation XAFS (X-ray
Absorption Fine Structure) spectra, the
theoretical calculations is generally well
appropriate with the experimental results at
low temperatures [2], because the anharmonic
contributions from atomic thermal vibrations
can be neglected. However, at the different
high temperatures, the XAFS spectra provide
apparently different structural information
due to the anharmonic effects and these
effects need to be evaluated. Furthermore, the
XAFS spectra at low temperatures may not
provide a correct picture of crystal structure
[3]. Therefore, this work of the XAFS spectra
including the anharmonic effects at high
temperatures is to be needed. The expression
of anharmonic XAFS spectra - often is
described as [4]:

i) F(k)exp[—ZR/k(k)]

RZ
a4 \n (1)
Im{em)(k) expiiZikR + Z@')—o(")}},
n n!

where F(k) is the real specific atomic
backscattering amplitude, ®(k) is total phase

" Tel: 0903 216482

shift of photoelectron, k is wave number, A
is mean free path of the photoelectron, and
o™ (n=1,2,3,..) are the cumulants to
describe asymmetric components, they appear
due to the thermal average of the function
e in which the asymmetric terms are
expanded in a Taylor series around value
R =<r> with r is instantaneous bond length
between absorbing and backscattering atoms
at T temperature and then are rewritten in

terms of cumulants.

At first, the cumulant expansion approach has
been used mainly fitting the XAFS spectra to
extract physical parameters from
experimental  values. Thereafter, some
procedure were formulated for the purpose of
analytic calculation of cumulants, and the
anharmonic correlated Einstein model [7]
which has been given results good agreement
with experimental values. The important
development in this procedure is that model
has been calculated into the interaction
between absorbing and backscattering atoms
with neighboring atoms in a cluster of nearest
atoms at high temperatures. The potential
interaction between the atoms becomes
asymmetric due to the anharmonic effects and
the asymmetric components were written in
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terms of the cumulants. The first cumulant or
net thermal expansion, the second cumulant
or Debye-Waller factor, the third cumulant is
description phase shift of anharmonic XAFS
spectra. The purpose of this work is to
formulate the cumulant expressions and to write
thermodynamic parameters as general form
through the new structure parameters by using
the anharmonic correlated Einstein model.

FOMALISM

According to the anharmonic correlated
Einstein model, effective interaction between
absorbing and backscattering atoms with
contributions  of atomic neighbors s
characterized by an effective potential [6]:
Ux)m kg X2 /24K, x> +..., x=r-1, (2)
where r is spontantaneous bond length
between absorbing and bacskcattering atoms,
r, is its equilibrium value, k_ is effective
spring constant because it includes total
contribution of neighboring atoms, k, is
cubic anharmonicity parameter which gives
an asymmetry in the pair distribution
function. Because. the oscillations of a pair
single bond between of absorbing and
backscattering atoms with masses M,, M,,
respectively, is affected by neighboring
atoms, when taking into account these effects
via an anharmonic corelated Einstein model,
effective Einstein potential to be form:

UE(X)%ke‘,rx2 +k % +...+2ZU L RLR |
1= Jil ,

p=MM, /M, +M,) 3)

where R is the unit bond length vector, L is
reduced mass of atomic mass M, and M,,
the sum according to i, j is the contribution of
cluster nearest atoms. The atomic vibration is
calculated based on quantum statistical
procedure with approximate quasi - harmonic
vibration, in which the Hamiltonian of the
system is written as harmonic term with
respect to the equilibrium at a given
temperature plus an anharmonic perturbation.

H=P*/2u+ Uy (x)=H, +UE(a)+8UE(Y)’
H, =P*/2u+k  y*/2
y=x-a, a(M)=(x), (y)=0 “)
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with a is the net thermal expansion, y is the
deviation from the equilibrium value of X at
temperature T. Next, the use of potential
interaction between each pair of atoms in the
single bond can be expressed by anharmonic
Morse potential for cubic crystals. Expanding
to third order around its minimum, we have:
U (x)=D(e™™ —2¢™) » D(— 1+o’x? —a’x? +)

X=y+a ®))
where o is expansion thermal parameter, D is
the dissociation energy by U(r,)=-D.

From expressions (4), (5) we have potential
effective interaction Einstein generalize as:
UE(X):UE(a)+keﬁ“y2/2+8UE(Y)’ (6)
Substituting Eq. (5) into (3) and using Eq. (6)
to calculate the second term in Eq. (3) with
u=M/2(M,=M,=M), sum of iis over
absorber (i=1) and backscatterer (i=2), and
the sum of j which is over all their near
neighbors, excluding the absorber and
backscatterer themselves, because they
contribute in the U(x), and calculation of
(}A{,Z.IA{U.) with lattice cubic crystals like cubic
simple crystal (s.c), face cubic center (fcc)
crystal and body cubic center (bcc) crystal,
we obtain thermodynamic parameters like
effective spring constant k_, the cubic
anharmonic parameter giving an asymmetry
in the pair distribution function k, and the
anharmonic perturbation component aU . (y):

S.c ke =3Da’(1-50a/4);

k, =-5Da’ /4 ;

8U¢(y)= Da?*[3ay - Sory’ /4] (7)
Fee: "k =5Da?{1-30a/2);

k, =—5Do’ /4;

SUE(y):SDaz[ay—och /4] (8)

Bee: ' kg =11Da’(1=450a/22)/3 ;
k, =-5Da’/4;
§U,(y)= Docz[llay/3—50ty3/4] 9

To compare the above expressions Egs.(7).

(8), (9) we see although different structures of

cubic crystals and which have special
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common factors, we call these factors as new
structure factors c¢,,c,,c,, the parameters
calculated statistically is in Table 1.

Table 1. New structural parameters of cubic crystals

_Structure € (V) C3
s.C 5/4 1 3
fee 5/4 6/5 5)
bee 5/4 18/11 11/3

The  expressions  of thermodynamic
parameters for the structural cubic crystals
generalize according to new structural
parameters are the following forms:

k., =c,(Da? +cyak, )= po? , k; ==¢,Da’ (10)
SUE(y):[(C3Da2a+3azk3)y+k3y3]z

~ Dch[c}ay —c,ay’

(1

To derive the -analytical formulas for
cumulants through new structural parameters
for the crystals of cubic structure, we use
perturbation theory [5]. The atomic vibration
is quantized as phonon and anharmonicity is
the result of phonon interaction. Accordingly,
we express y in terms of annihilation and
creation operators 4", a [1], respectively:

y:o"(é%é*);co = Jn/2mo, ;ata=n, (12)
and use the harmonic oscillator states |n > as
eigenstates  with eigenvalues E, =nhog,
ignoring  the zero-point  energy  for
convenience. The a*, 4 operators satisfying
the following properties

[a,a"]=8a"—a‘a=1; a*(n|=+n+1|n +1);
a(n|= Jn|n~1). The cumulants are calculated
by the average value [1, 5]:

(y")= %Tr(pym), with m=1,2,3,...,

p=exp(-BH),  B=(D7,

where Z is the overall statistic function, p
with p is the statistical density matrix, ky is
Boltzmann’s constant. The corresponding

unperturbed quantities are Z, =Tr(p,) and"

p, =exp(-BH,). To leading order in
perturbation 8Ug, p=p,+3p with dp s
given by:

op 0p,

— =-Hp ; —2 =-H,p, 13
B p op oPo (13)

We obtained

8p=—f e s, ()dp';
5U,(B)=ePsU e ™. If put unperturbed

quantities equal to zero, then we have

x 1
ity =g e
n n=0 ==,
where z=¢%'" is the temperature variable
and determined by the 0;=ho;/kg s

Einstein temperature. Now we are using
above expressions to calculate analytics of the
cumulants.

m

The cumulants even order:
1 1
m O il -
<y > mchin 7z ey ZO rpoy
1 -npho
=—>8 {n n
7z (nfy™|n)

With m=2 we have calculation expression
of the second cumulant

1 —npho
<y2>:0(2) =Z—§e P (nly?|n) . (14)
Using matrix ’ -

ym

AA g

(n|y2|n>=<nlé*é+aa n);(00)2(2n+1) and
substituting into (14) and applying the

mathematical transformations and according
to (10), (11) we have expression of second
cumulant which is rewritten through ¢,

structural parameter:

—

hog (1+Z

(@) n 2N
o' = = 1 1
v ) 2¢,Da? (1-2) (15)
The cumulants odd order:
1 1 '
m ~ —‘T m z—-T 8 m
(¥ >m|¢- Z 1Py = =Ty (16)

With m=1,3 we have expression to calculate
first cumulant  and third  cumulant.
Transformation following matrix correlative
with <y > and < y3 >, we have:

(n]y|n+1) =o,(nfa+a*|n+1)=

Gom<n|n>=60(n+l)l/2 LU
<n|ysln+1>=(Go)s(3nm+3mxn\n>: o

=3(c50)3 (n +1)3/2
(n|y’|n+3)=3(c,) [0+D)n+2)n+3)]" (19
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+ The first cumulant (m=1):
—Bnhory _e~ﬁn'hu)l,~

1 €
(ST T R, Rl Y
\y) Zy § nAao, —n'ho,

x<n[D{a2c[ay—a3cjy3]n')<n'ly]n>
with n'=n+1 and substituting (17) into (16)
and transform, we have:

()=~ oo | a3 ! 4-

(1-2)
2
g L ¢,a—3c,0(c, )’ (1+ 2) s
hog 2K 4 (1-z)
because (y)=0 and approximate
ker ~c,Da”, the transformation and reduction
we obtained first cumulant
o)y = 36h0g (142) 3ca
= = o
2c!Da (1-2) ¢,
+ The third cumulant (m=3)
: -BE, _ o-BE,
G(J):<y3>:_l.__z—————e g X
ZO nn' E" —En. (21)
><<n,6UE|n'><n'y3 n)
From Egs. (11, 21), we have:
3 Do
<y > = . R
Zy w nhog —n'hog (22)
<Knleray]n) = (nfoc,y )y )
Using Eqs. (18, 19), the calculation of Eq.(22)
with n'=n+1, n'=n+3 and note that matrix
only affect with y* and according to Egs. (10,
11), we determine third cumulant:
ot 3650, (1+102 +222)><0(2) @)
¢, Da (1-2)
Table 2. The comparision of the results of 6* and

o calculated by present theory with experimental
data for Cu crystal at different temperatures

(20)

=a

e—anm),.‘ *e—ﬁn'fvm,i
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(K) o*(A?) o’ (A%)
Present  Expt. Present  Expt.
0 0,00298  0,00292 - =
7 0,00333  0,00325 0,00010 -
95 0,01858  0,01823 0,00013  0,00013
83 0,01858 0,01823 - -

DISCUSSION AND CONCLUSIONS

Developing further the anharmonic correlated
Einstein model we obtained a general theory
for calculating cumulants and thermodynamic
parameters in X-ray Absorption Fine structure

204

(XAFS)  theory including  anharmonic
contributions. The expressions described
through new structural parameters agree with
structural contributions of cubic crystals as
face center cubic (fcc), body center cubic
(bee), and results published before [8]. The
expression in this work is general case of
present procedure when we insert the
magnitudes of ¢, , c,, ¢, from Table 1 into the
calculation of the thermodynamic parameters
and above obtained expressions of cumulants.
The results of the numerical calculations
according to present method for cumulants
are good agreement with experimental values
(Table 2).

With the discovery of the XAFS spectra, it
provides the number of atoms and the radius
of each shell, the XAFS spectroscopy
becomes a powerful structural analysis
technique, but the problem remained to be
solved is the distribution of these atoms. The
factors ¢, ,c,, ¢, introduced in the presented
work contains the angle between the bond
connecting absorber with each atom and the
bond between absorber and backscatterer, that
is why they can describe the nearest atoms
distributions  surround  absorber  and
backscatterer atoms. Knowing structure of the
crystals and the magnitudes of ¢, ,c,, ¢, from
Table 1 we can calculate the cumulants and
then XAFS spectra. But for structure
unknown substances we can extract the
atomic number from the measured XAFS
spectra, as well as, extract the factors
¢,,¢,, ¢, according to our theory from the
measured cumulants like Debye-Waller factor
to get information about atomic distribution
or structure.

The thermodynamic parameters expressions
described by second cumulant or Debye-
Waller factor are very convenient, when the
second cumulant ¢* is determined, it allows
to predict the other cumulants according to
Eqgs. (20), (23), consequently reducing the
numerical calculations and experimental
measurements,
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CAC BIEU THUC TINH CAC THAM SO NHIET BONG VA

CAC CUMULANT THEO CAC THAM S

O CAU TRUC MO1

QUA THE TUONG TAC HIEU DUNG TRONG XAFS

Nguyén Ba Dire’

Truong Dai hoc Tan Trao

Trén co s¢ cua 1y thuyét théng ké lugng tir v6i tuong tac phonon, céc biéu thirc md ta tinh bét doi
ximg hay cac cumulant bao gébm cumulant bic mot hay ddn nd mang, cumulant béac hai hay do
dich chuyén twong dbi trung binh toan phuong (MSRD) hay hé sb Debye-Waller, cumulant bac ba
va cac tham sé nhiét dong bao gdm déng gop clia cac hiu Ung phi diéu hoa dbi voi cac tinh thé
lap phuong (14p phuong tam dién fec, 1ap phuong tam khdi bee) dd duge xdy dung. Sir dung thé
tuong tac hiéu dung trong md hinh Einstein tuong quan phi didu hoa da x4c dinh dugc cac hé sb

- chu tric moi, cac hé s6 nay co thé xac dinh

dugc phan bd cua cac nguyén tr. Khai trién cac

cumulant va cac tham so nhiét dong qua c4c tham sb céu tric moi da duge thuc hién trong ly

thuyét pho céu tric tinh té hép thu tia X (XAFS). Két qua tinh s& cho tinh thé Cu da trung tot véi

két qua thuc r‘\ghiém.

Tir khoa: diéu hoa: XAFS; cumulant; nhigt dong; tham s
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