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A B S T R A C T

The anharmonic correlated Debye model has been developed to investigate the thermal disorder in B2-type FeAl
intermetallic alloy. We derive analytical expressions of the bond-stretching force constants, the Debye tem-
perature and frequency, the atomic mean-square displacement and the first three extended X-ray absorption fine
structure (EXAFS) cumulants. Numerical calculations of these thermodynamic quantities have been performed
for B2-type Fe-40 at.%Al up to temperature 1300 K using the Morse potential whose parameters were derived
within the Möbius lattice inversion scheme. Our research shows that the anharmonicity contributions of thermal
lattice vibrations are important to the EXAFS cumulants at high temperature. The theoretical predictions are
compared with available experimental data when possible to verify the developed anharmonic correlated Debye
model.

1. Introduction

The iron-aluminide (FeAl) is one of intermetallic alloys attracted
attention of material scientists due to many its advanced physical
properties such as relatively high strength, corrosion resistance beha-
vior, high-temperature oxidation and high melting temperature [1].
The melting temperature of FeAl systems is predicted about 1583 K [2].
These interesting properties of FeAl promise it for various industrial
applications, for instance, gas turbines, automobile engine components,
protective coating for materials, substitution of ferritic stainless steels
at high temperatures [3,4]. The FeAl intermetallic system exhibits
several order/disorder phase transitions such as B2-type and DO3-type
at various temperatures and compositions. Up to now, a numerous ef-
forts have been dedicated to deeply understand the phase stabilities [5],
vibration properties [6,7], heat capacities and mechanical properties
[8,9] of FeAl systems.

Nevertheless, to our best knowledge, there are a few of researches
regarding to the temperature effects on physical properties of FeAl

alloy, and there is almost a lack of study of the thermal disorder in FeAl
intermetallic compound. Thermal disorder stretches atomic positions in
crystals, leading to a Gaussian distribution of interatomic distances in
harmonic approximation [10,11]. The extended X-ray absorption fine
structure (EXAFS) is one of the most powerful methods for considering
local structure [12] and thermal behavior of materials [13,14]. This
effect in EXAFS has been frequently analyzed by means of cumulant
expansion approach in which an EXAFS oscillation function χ(k) is
given as the following [15].
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where k and λ are, respectively, the wave number and mean free path of
emitted photoelectrons, F k( ) is the real atomic backscattering ampli-
tude, k( ) is net phase shift, =R r denotes the thermal average dis-
tance (with r is the instantaneous bond length between absorber and
back-scatterer atoms), and = …C n( 1,2,3, )n are the EXAFS cumulants.
The first cumulant C1 denotes the mean value describing the net thermal
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expansion or thermal disorder; the second cumulant C2 describes the
variance of the distance distribution corresponding to the mean-square
relative displacement (MSRD) u 2 parallel to the bond between pair
absorber-backscatterer atoms which influence sensitively the EXAFS
amplitude through the Debye-Waller factor =W k C k( ) exp(2 )2

2 [14];
and the third cumulant C3 characterizes the asymmetry of the dis-
tribution function and it devotes to the phase shift of EXAFS spectro-
scopy [16].

In this work, we present the investigation of the thermal disorder in
B2-type FeAl intermetallic alloy based on EXAFS theory. This type of
FeAl intermetallic alloy, having the CsCl structure, remains stable in its
structure with aluminum composition range 35–50 at.%. For this CsCl
structure, each atom (Fe and Al) is bonded to eight nearest-neighbor
atoms. Main aim of the present study is to investigate the temperature
effects on EXAFS cumulants and related thermodynamic quantities. The
anharmonic correlated Debye model (ACDM) [17] will be developed to
derive the interatomic effective potential, bond-streching force con-
stants, parallel u 2 and perpendicular u2 MSRDs, and the first
three EXAFS cumulants. We then perform numerical calculations for
B2-type Fe-40 at.%Al up to temperature 1300 K using the pair interac-
tion Morse potential whose parameters were derived within the Möbius
lattice inversion scheme.

2. Principle of calculations

2.1. Interatomic potential

In the first part, we present the procedure so-called the Möbius
lattice inversion scheme to derive the pair interatomic potential for
numerically calculating the thermodynamic properties of CsCl structure
FeAl. Based on the Möbius inversion in the number theory, Chen et al.
proposed the lattice inversion method to obtain the pair interatomic
potential from the cohesive energy curves [18–21]. In within this ap-
proach, the cohesive energy per atom of a crystal E r( ) can be expressed
as the sum of the interatomic potentials r( ) by
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where r1 is the atomic nearest neighbor distance, =k( ) k denotes the
ratio of the k-th neighbor distance r( )k to the first-neighbor distance r1
(then =r rk k1 ), and zk is the coordination number of k-th neighbor
atoms which denotes the number of atoms in k-th coordination sphere.

The pair interatomic potential r( ) is then derived through the in-
verse operation as

=
=

r I k E k r( ) 2 ( ) ( ( ) ),
k 1

1
(3)

where I n( ) is the Möbius inversion function depending on structure
type.

In current research, the pair interaction potential r( ) between two
intermediate atoms is assumed to be the Morse function as

=r D r r r r( ) {exp[ 2 ( )] 2exp[ ( )]},0 0 0 (4)

where r0 is the nearest-neighbor distance in the equilibrium reference
structure, D0 is the dissociation energy and α describes the width of the
pair potential. These potential parameters for B2-FeAl alloy are fitted
within the Möbius lattice inversion scheme.

2.2. Anharmonic effective potential

In this part, the anharmonic correlated Debye model (ACDM)
[17,22] is summarized and the application of this model for body-
centered cubic (BCC) structure will be presented briefly. The ACDM was
developed based on the correlated Debye model to determine the an-
harmonicity contributions to EXAFS cumulants. This model considers a

local vibration picture that includes near-neighbor correlations be-
tween absorber and back-scatterer atoms and their nearest neighbors.
These interactions are described by an anharmonic interatomic effec-
tive potential Veff which can be expressed as a function of the thermal
expansion =x r r0 due to the asymmetry of the potential (with r and
r0 being the instantaneous and equilibrium distance between
absorber and back-scatterer atoms, respectively) along the bond di-
rection as

= + =
+

V x x µ
M

xR R µ M M
M M

( ) ( ) ˆ ˆ ;eff
j i i

AB ij
A B

A B

+ + + …k x k x k x1
2 eff

2
3

3
4

4

where the interaction between absorber and backscatterer atoms is
described by the potential term x( ). The last term in the right-hand
side of Eq. (5) presents the influence of the neighboring atoms to the
oscillation of absorber and back-scatterer, where the sum i is over ab-
sorber ( =i A) and back-scatterer ( =i B), and the sum j is over all their
nearest neighbors, excluding the absorber and back-scatterer them-
selves; MA and MB are, correspondingly, the masses of the absorber and
back-scatterer atoms in the given system; keff is the effective bond-
stretching force constant, and k3 and k4 are the cubic and quartic bond-
stretching force constants caused by an asymmetry in the pair dis-
tribution function due to the contribution of anharmonicity, respec-
tively.

Previously, the ACDM was developed for pure crystalline metals
[17]. If we apply the ACDM for BCC crystal, there are 14 pair inter-
actions between absorber and back-scatterer with their nearest
neighbor atoms, except for the absorber and back-scatterer themselves.
Then the anharmonic interatomic effective potential Veff in Eq. (5) for
BCC system is calculated by
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2
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Assuming that the interaction between atoms in the system is de-
scribed by the Morse potential (4), making the expansion of this Morse
function up to the fourth order of the deviation of instantaneous bond
length r r0, we have
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Substituting Eq. (7) into Eq. (6) we obtain the anharmonic intera-
tomic effective potential V x( )eff as
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And the force constants of BCC crystal are then derived in terms of
Morse potential parameters as follows
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2.3. ACMD for iron-rich B2-FeAl alloy

In order to investigate the thermal disorder in the iron-rich B2-type
FeAl compound, we need to develop the ACDM for alloy. For this
purpose, we denote the concentration of Fe and Al in the ordered FeAl
system being CFe and CAl, respectively ( C C1 0Fe Al ). The intera-
tomic effective potential Veff of FeAl alloy is contributed not only by
Fe–Al pairs but also by Fe–Fe interactions. This is depicted schemati-
cally in Fig. 1. The increasing of Al content will reduce the number of
Fe–Fe nearest-neighbor bonds. Then the effective potential Veff can be
approximately determined as

= +V C V C C V2 ( ) ,eff Al eff
FeAl

Fe Al eff
Fe (10)
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where Veff
FeAl and Veff

Fe denote, respectively, the effective potential be-
tween Fe and Al atoms, and between Fe atoms.

From Eqs. (5) and (10), we derive the bond-stretching force con-
stants keff , k3 and k4 of FeAl alloy as

= +k C k C C k2 ( ) ,eff Al eff
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here keff
Fe, k Fe

3 and k Fe
4 have the forms similar to Eq. (9)

= = =k D k D k D11
3

( ) ; 3
4

( ) ; 1715
2592

( ) ,eff
Fe Fe Fe Fe Fe Fe Fe Fe Fe

0
2

3 0
3

4 0
4

(12)

and keff
FeAl, k FeAl

3 and k FeAl
4 are the force constants derived from the in-

teratomic effective potential Veff
FeAl between Fe and Al atoms.
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The Debye frequency and Debye temperature of alloy system are
calculated, respectively, as the following [17].
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k
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where m is the average atomic mass which is determined as

= +m C m C C m2 ( ) ,Al FeAl Fe Al Fe (16)

and = +m m m( )/2FeAl Fe Al .
The thermal disorder of atoms in materials can be described by the

moments of atomic displacement so-called cumulants in EXAFS theory.
The definition of EXAFS cumulants is based on the cumulant expansion
approach [14,15]. The first three EXAFS cumulants of B2-FeAl alloy in
ACDM [17] are then derived, respectively, as
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and = k T1/ B with kB is the Boltzmann constant.
Here, the 0

(1), 0
(2), and 0

(3) are, respectively, the zero-point con-
tributions to the first, the second, and the third cumulants which have
the forms as the following
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3. Numerical calculations and discussion

The expressions derived in the previous section are now applied to
investigate the thermodynamic properties of the B2-type FeAl.
Numerical calculations have been performed for B2-type FeAl with 40%
Al. Using the quantum approximate method of Bozzolo-Ferrante-Smith,
Grosso et al. showed that the melting temperature of B2-type Fe-40 at.
%Al is about 1704 K [23]. The fitted parameters of Morse potential for
B2-type FeAl within the Möbius lattice inversion scheme are shown in
Table 1 [1].

Applying our developed ACDM model, the three force constants of
B2-type Fe-40 at.%Al are derived as follows =k 2.4020eff eV/Å2,

=k 2.23533 eV/Å3 and =k 3.44314 eV/Å4. Using the effective bond-
stretching force constant keff , we find out the Debye temperature and
Debye frequency of B2-type FeAl, respectively, as 350 K and ×4.58 1013

Hz. This value of Debye temperature is reasonable consistent with the
one ±(385 5) K derived from the intensity analysis of diffraction lines of
Mössbauer spectroscopy [24]. The slight difference between Debye
temperatures can be caused by the different techniques and different
conditions which have been exploited to evaluate. The difference be-
tween our theoretical prediction and experimental measurement of
Debye temperature is about 9%. The Debye temperature is one of the
most important physical quantities derived in within view of the Debye
model. For the crystal with N atoms, the Debye model assumes a
homogeneous system with a constant speed of sound c and the linear
dispersion relation = c k. . The maximum phonon frequency D is so-
called the Debye frequency, and = k/D D B is the Debye temperature
above which all modes begin to be excited and below which modes
begin to be “frozen out” [25]. Hence, the Debye temperature could be
exploited to estimate the high and low temperature regions for the
thermodynamic properties of solids.

From the first shell interatomic distance of the FeAl system calcu-
lated by using the ACDM, we can approximate the thermal behavior of
nearest-neighbor distance as +R T R C( ) (0) 1. And the lattice para-
meter of B2-FeAl is then derived by =a T( ) 2/ ( 3)h . In Fig. 2, we show
the temperature-dependent lattice constant of B2-type Fe-40 at.%Al in
the temperature range 0–1300 K. The solid line presents our results
compared with those of experimental data ( symbols) measured by
high-temperature X-ray diffractometry [8]. As it can be seen in Fig. 2
that the theoretical predictions in EXAFS theory are larger than those of
experimental crystallographic measurements. This behavior is of

Fig. 1. Schematic representation of Fe–Al system in (110) plane.

Table 1
The fitted parameters of Morse potential for B2-type FeAl [1].

A B D A B
0 (Å) A B (eV) r A B

0 (Å-1)

Fe–Fe 0.346 2.562 2.507
Fe–Al 0.269 1.850 2.656
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geometrical origin which has been pointed out by Fornasini et al. before
[26]. The mismatch between theory and high-temperature X-ray dif-
fractometry experiment is gradually prominent with temperature and
the maximum difference is about 1–2% at 1300 K.

Fig. 3 reports the temperature effects on the second cumulant of
FeAl system in our calculations. It should be noted that the second
cumulant C2 corresponds to the parallel atomic MSRD characterizing
the EXAFS Debye-Waller factor that influences on the amplitude of
EXAFS oscillations. This factor is susceptible to both the temperature-
independent structural disorder (or static disorder caused by strain or
alloying) and thermal disorder. The latter quantity represents thermal

vibrations and provides information on the bond-stretching force con-
stant between absorber-backscatterer pair corresponding to the dyna-
mical properties of them. In the inset figure, the measurements of the
changes of Debye-Waller factor C2 relative to the lowest temperature
value denoted by C2 (in Å−2) for the first three-shell distances of FeAl
metal are shown for comparison [6]. With regard to the above men-
tioned, the Debye-Waller factor in our calculations (the solid line) has
been vertically adjusted downward. The temperature-independent
shifting value = ×0.9 10static

2 3 Å2 can be seen as a static disorder
contribution to the second cumulant C2. As observed in this figure that
the good agreement between theoretical predictions and experimental
measurements for the third-neighbor shell is found. Notwithstanding,
the Debye-Waller factor increases rapidly with temperature, and above
150 K, the almost linear proportion to temperature of C2 could be ob-
served. The slope of C2 at temperature beyond 150 K is

= ×dC dT/ 3.50 102
5 Å2/K. The robust increasing of C2 evidences the

important contributions of thermal disorder at high temperature region.
Here it is worth mentioning that the difference between EXAFS and

crystallographic thermal expansion (and also lattice parameter) could
be used to deduce the information of the MSRD u2 perpendicular to
bond between absorber and back-scatterer atoms. The larger of average
distance measured by EXAFS comparing to the crystallographic dis-
tance is of the geometrical origin and can be described by the following
equation [26].

+r R u R/2 ,c c
2 (24)

where Rc is the crystallographic distance measured by Bragg diffraction
experiment.

Using Eq. (24), we derive the perpendicular MSRD u2 of a pair of
absorber and back-scatterer atoms of current system. The temperature
effects on the perpendicular MSRD u2 and parallel MSRD u 2 of
B2-type Fe-40 at.%Al are shown in Fig. 4. As can be observed in this
figure, the perpendicular MSRD u2 are always larger than the cor-
responding values of the parallel MSRD. And the gap between per-
pendicular and parallel MSRD increases with the increasing of tem-
perature. Usually, the difference between two quantities is summarized
by the temperature-dependent ratio = u u/2 2 . This ratio char-
acterizes for the perpendicular to parallel anisotropy of relative vibra-
tions of neighboring atoms [27]. For ideal Debye crystal, the ratio γ is
equal to 2 [26], and for copper, the ratio = 2.7 is obtained by path-
integral Monte-Carlo calculations [28]. In our work, the ratio γ of B2-
type Fe-40 at.%Al is greater than 4.3 in the temperature range
0–1300 K. The difference between the ratio γ can be caused by the
peculiar effect of the optical modes in non-Bravais crystals [26].

Table 2
The bond-stretching force constant keff , the Debye frequency D and Debye
temperature D of B2-type Fe-40 at.%Al derived from developed ACDM.

Alloy keff (eV/Å2) D (× 1013 Hz) D (K)

Present theory 2.4020 4.58 350
Experiments – 5.0424 38524

Fig. 2. Temperature-dependent lattice parameter of FeAl. Our calculations
(solid lines) are presented in comparison to experimental high-temperature X-
ray diffractometry (HT-XRD) measurements [8].

Fig. 3. Temperature-dependence of the second cumulant of FeAl. The experi-
mental measurements of the changes of Debye-Waller factor C2 (in Å−2) for
the first three-shell distances of FeAl metal are shown for comparison [6].

Fig. 4. Temperature-dependence of the parallel and perpendicular mean-square
relative displacement (MSRD) of FeAl.
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The temperature dependence of the asymmetry parameter C3 ob-
tained from the current developed ACDM up to 1300 K is shown in
Fig. 5. Similarly to C2, the third cumulant C3 increases progressively
with temperature. However, it almost follows the function T2 at high
temperature. The slope of C3 curve in the temperature range
350–1300 K is about = ×dC dT/ 9.0 103

6 Å3/K. The rising of C3 makes
the deviation of the effective distribution function from a Gaussian
approximation. Because there is no available experimental data, the
comparison in this case has been neglected.

Furthermore, in the theory of EXAFS, one of the important quantity
considered as a criterion for cumulant investigation is the cumulant
ratio Cr which is defined as =C C C C. /r 1 2 3 [29]. Previous work showed
that the ratio Cr progressively tends to the constant value of 1/2 when
temperature increases. Then we can use this ratio to evaluate the
temperature threshold above which the classical limit is applicable. The
temperature-dependent cumulant ratio Cr of intermetallic alloy FeAl
calculated within the present ACDM scheme is presented in Fig. 6. As it
can be observed from this figure, the threshold temperature is surmised
about 900 K. It means that the classical region is beyond 900 K. Below
temperature 900 K the classical calculations will be invalidity. Mean-
while, the quantum approach is suitable for various temperature, but it
should diminish to the classical limit at temperature region of higher

than 900 K. The current developed ACDM inherits all of the advantages
of the classic ACDM. This means that the derived cumulants include the
zero point vibration contributions (a quantum effects) at low tem-
perature, and the anharmonicity contributions of thermal vibrations at
high temperature.

Before making conclusions, it should be noted that the temperature
dependence of EXAFS cumulants can be studied by means of various
techniques such as Debye model [17,22], Einstein model [30] and path-
integral effective-potential theory [31]. Computer simulation including
density functional theory (DFT) calculations is also another approach.
However, to our best knowledge, there is no DFT calculation that has
been performed for FeAl systems as well. Furthermore, because of the
existence of many of simulation tools, the choice of technique requires a
good understanding of basic principles. More importantly, under-
standing of the basic principles could greatly improve the efficiency of a
simulation program. Finally, another advantage of developed ACDM in
comparison with DFT calculations is the apparent analytical expres-
sions of EXAFS cumulants. These formulae allow us easily and quickly
determine the EXAFS cumulants of FeAl systems with various tem-
perature and concentration.

4. Conclusions

In this work, the thermal disorder in B2-FeAl alloy has been in-
vestigated basing on the developed anharmonic correlated Debye
model. The Morse potential whose parameters were derived within the
Möbius lattice inversion scheme has been exploited to numerically
calculate the parallel and perpendicular mean-square relative dis-
placement and first three EXAFS cumulants up to temperature 1300 K.
Our research shows that the anharmonicity contributions of thermal
lattice vibrations are important to the EXAFS cumulants at high tem-
perature. The good and reasonable agreement of our calculated results
with experiments denotes the efficiency of the developed model in the
investigation of the temperature effects on other EXAFS parameters.
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