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Abstract. The Debye model has been developed to investigate the pressure effects on melting point, Debye
frequency and Debye temperature of iron metal. The analytical expressions of these thermodynamic quan-
tities have been derived as functions of crystal volume compressibility. The pressure dependence of them is
studied based on the well-established equation-of-state which includes the contributions of the anharmonic
and electronic thermal pressures. We performed numerical calculations for iron up to pressure 350 GPa and
compared with experimental data when possible. Our results show that the Debye frequency and Debye
temperature increase rapidly with compression, and beyond 150 GPa they behave like linear functions of
pressure. From the pressure-dependent melting point of iron, we deduce the temperatures of the Earth’s
inner-outer core boundary (ICB) and core-mantle boundary (CMB). The temperatures of the Earth’s ICB

and CMB are predicted lower than 5540(£170) K and about 4060 K, respectively.

1 Introduction

Investigation of thermodynamic properties of iron at high
pressure is a subject attracting the interest of many scien-
tists in planetary science, geophysics and nuclear physics.
This comes from a fact that iron is a main component in
the Earth’s core in which it combines with a small amount
of light elements such as Si, C, H, O,... Furthermore, the
temperature of Earth’s inner-outer core boundary (ICB)
is proposed to be closed to the melting point of iron at
pressure of 330 GPa. Hence, the high-pressure thermo-
mechanical properties of iron are of primarily important
information to explain geochemical observations and seis-
mic data. Therefore, the understanding of physical prop-
erties of iron as well as its alloys at extreme conditions
permits us to model the dynamic properties, the composi-
tion, the evolution process, the structure and the dynamo
of the Earth. Numerous attempts were performed to esti-
mate the physical properties of iron and iron-based alloys

# e-mail: tranthiha@tdtu.edu.vn

at extreme pressure. Theoretically, the structure and ther-
modynamic properties of iron at Earth’s core conditions
have been studied by first-principles calculations [1,2],
molecular dynamics simulations coupled with ab ini-
tio calculations [3,4] and the thermodynamic integration
scheme [5,6]. On the experimental side, along with remark-
able developments of high-pressure techniques, researchers
could design experiments up to hundreds of gigapascals
such as laser-heated diamond-anvil cell (DAC) [7] and
shock-wave experiments [8].

The Debye frequency and Debye temperature are two
important physical quantities proposed in within view of
the Debye model [9]. The Debye temperature could be
used to classify the high and low temperature regions on
the investigation of thermodynamic properties of solids.
By measuring the change of intensity of X-ray diffrac-
tion (XRD) lines under pressure, Anderson et al. yielded
information of mean square displacement of hexagonal
close-packed iron as a function of volume compression.
The value of Debye temperature was then determined over
a large compression range corresponding to the Earth’s


https://epjb.epj.org/
https://doi.org/10.1140/epjb/e2020-10083-8
mailto:tranthiha@tdtu.edu.vn

Page 2 of 7

inner-core pressure (up to 359.50 GPa) from the measured
intensity of the diffraction lines [10].

Regarding the melting problem, the melting point of
materials at high pressure has been measured by vari-
ous techniques such as XRD [11-13], X-ray absorption
spectroscopy (XAS) [14], synchrotron Mossbauer spec-
troscopy [15], and theoretical methods [16-18]. Notwith-
standing, the estimation of high-pressure melting temper-
ature of iron is still a matter of debate among different
studies. For instance, from the laser-heated DAC exper-
iment results, Boehler extrapolated the melting point of
iron to 330 GPa corresponding to the pressure at ICB to
be 4850(+200) K [19]. Using synchrotron-based fast XRD
as a primary melting diagnostic, Anzellini et al. obtained
the melting temperature of iron to be 6230 £ 500 K at
330 GPa by extrapolating their results from 200 GPa [15].
This estimation of Anzellini et al. is reasonably consistent
with shock compression data [8] and theoretical predic-
tions [20]. Meanwhile the two recent works based on
XAS [21] and synchrotron Méssbauer spectroscopy [22]
showed that melting curves of iron were significantly lower
than the calculations of Anzellini et al. [15].

In present study, the correlated Debye model is applied
to investigate the Debye frequency and temperature, and
melting temperature of iron under compression. Numer-
ical calculations are performed up to pressure 350 GPa
corresponding to the Earth’s inner core conditions and
compared with those of previous works when possible.
From the derived melting point of iron, we estimate the
temperatures of the Earth’s ICB and the core-mantle
boundary (CMB).

2 Methodology

2.1 Debye frequency and temperature

Considering a crystal with N atoms, the Debye model
assumes a homogeneous system with a constant speed of
sound v and a linear dispersion relation w = v.k (where k
is the wavenumber). The maximum of phonon frequency is
called the Debye frequency wp. The Debye temperature is
calculated through its relation to Debye frequency as p =
hwp /kp (where £ is the reduced Planck constant and kp
is the Boltzmann constant), above which all modes start
to be excited and below which modes begin to be “frozen
out” [9]. In this Debye model, the effect of compression on
the Debye frequency wp is considered through a physical
quantity, the Griineisen parameter v, defined as

Olnwp 0lnbp

V=T mY C amy (1)

where V is the volume of crystal.

Previous works [23-25] showed that at low pressure,
the Griineisen parameter could be assumed as a con-
stant but it reduces gradually when pressure increases.
On the determination of compression effect on Griineisen
parameter, Graf et al. assumed the power-law form for
the Griineisen parameter as vg = 7Yo(P, where p > 0
is the material constant, 7y and V are the Griineisen
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parameter and volume of crystal at ambient conditions,
respectively, and ( is the volume compression ratio { =
V/Vy [26,27]. However, this assumption does not describe
well the compression effects on the Griineisen parameter of
materials. The calculations of Graf et al. showed that the
output results of Griineisen parameter depend strongly
on the chosen approximations (based on the Debye-
Waller factor or the bulk modulus) and the pressure
range [26]. In particular, they found that the Griineisen
parameter calculated with approximation based on the
thermal mean-square displacement is more accurate than
the one using the bulk modulus approximation at low
compression, and vice versa. Recently, Burakovsky et
al. proposed an analytic three-parameter model of the
Griineisen parameter of solid at all densities as [28,29]
VG = 1/2 +711¢H3 + 42¢9, where 71,79,9 = const, g > 1.
This expression is derived in within the Thomas—Fermi
approximation by means of the consideration of low- and
ultra-high-pressure limit conditions. However, the result
from fitting experimental measurements of iron [10] with
this model is still not really good, especially at ambi-
ent and high pressure regions [30]. In this paper, another
well-described form of Griineisen parameter following the
Altshuler et al. proposition [31] has been chosen as
follows [32]

. ol
e =70 + (Y0 = 100) ¢, with f=—Lo (2)
Y0 — VYoo

where 7y and v, are, respectively, the values of Griineisen
parameter yo at ambient conditions and infinite com-
pression. This form of the Grineisen parameter could
be seen as an expansion of the power-law suggested by
Graf et al. Using previous experimental shock-wave data
up to 200 GPa (before any possible structural phase
transition [33] and melting [8]), together with their mea-
surements at ambient conditions, Dewaele et al. [32]
estimated the values of vy and 7 for iron.

By substituting equations (2) into (1) and taking the
integral, we find out the Debye frequency and Debye tem-
perature as functions of volume compression ¢ = V/Vj,
respectively, as

W (€) = wol =7 exp { B () } (3)
and
6 (C) = BoC~ exp{ _ 20 (ep 1) } ()

where wy and 6y = kpwo/h are, correspondingly, the
values of Debye frequency and temperature of iron at
ambient conditions. These values can be measured from
experiments or determined from the correlated Debye
model [34].

2.2 Melting temperature

On the investigation of the melting point of materials,
the Lindemann’s melting criterion is one of the most
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well-known theories that has been widely used for the
melting instability [35,36]. This criterion was proposed as
follows [37]: a solid material starts melting when the ratio
of the square-root of atomic mean-square displacement
to the nearest-neighbor distance between two interme-
diate atoms attains a threshold value. Applying this
Lindemann’s proposition, the pressure-dependent melting
points of many metals have been derived empirically in
a number of literatures before [35,38,39]. Based on the
ideas of the classical mean field potential approach, the
Lindemann’s criterion has been re-written in a more
general form as [40]

T,, = const x V%.OQD. (5)

By taking the natural logarithm and volume deriva-
tives of both sides of equation (5), we obtain the following
equation

v Vv (©)

= 5 G

-3 ),

where the Griineisen parameter defined as
equation (1) in Debye model.

Substituting equation (2) of the volume-dependent
Griineisen parameter formula into equation (6) and tak-
ing integral, we find out the expression of melting point

T, of iron as a function of volume compression ( as

2(70 — Yoo)
). o

YG is

T (€) = To¢?/377) exp {

where Ty is the melting point of iron at ambient
conditions.

2.3 Equation-of-state of iron

In order to study the pressure effects on these above
thermodynamic quantities of iron (Debye frequency and
temperature, and melting temperature), we need an accu-
rate high-pressure and high-temperature P-V-T relation
(or equation-of-state - EOS). Most frequently EOSs for
the investigation of high-pressure thermodynamic proper-
ties and pressure-induced phase transitions of materials
are Birch-Murnaghan EOS, Vinet EOS, Holzapfel EOS,...
In this work, we choose the EOS derived by Dewaele
et al. [32]. Accordingly, the total pressure P (V,T) is
expressed as the sum of cold (isothermal) pressure and
temperature-dependent (thermal) presssure

P(V,T) =Py (V, 300K) +[Pru (V,T) — Pru (V, 300K)] ,
(8)
where Py (V, 300 K) is the isothermal pressure at temper-
ature 300 K and Pry (V,T) is the temperature-dependent
pressure.
In this paper, Py (V,300K) and Prg(V,T) are
expressed using the fitted Vinet EOS [41] and the for-
malism derived by Dorogokupets and Oganov [42,43] by
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equations (9) and (10), respectively, as
Py (V, 300K) = 8Bo¢ ™%/ (1= ¢'/%) (9)

con [l -1 (1-0)]

9RyG |0 T\* [ yid
Py (V,T) = ch §+T<9D)/O e‘z_yl

3R

tor (bom(™ + egn¢™) T, (10)

where By and B| are the isothermal bulk modulus and
the first-pressure derivative of isothermal bulk modulus,
respectively; R denotes the gas constant. The first term of
the right-hand side of equation (10) represents the main
part of Pry, which is the quasiharmonic Debye thermal
pressure [41]. The second term includes the contributions
of the anharmonic and electronic thermal pressure [44].
Their parameters by, ey, m and n have been derived
for iron by fitting first-principles anharmonic and elec-
tronic thermal pressures as [32] by = 3.7 x 1075 K1
eo = 1.95x 107* K™', m = 1.87 and n = 1.339. With
the aid of equations (8)—(10) we can numerically deter-
mine the Debye frequency and Debye temperature, and
melting temperature of iron as functions of pressure P.

3 Result and discussion

In this section, the numerical calculations are performed
for iron up to 350 GPa. For this purpose, the Debye tem-
perature fpp at ambient conditions is fixed as 417 K, the
isothermal bulk modulus By and its first-pressure deriva-
tive B| are, respectively, as 163.4 GPa and 5.38 [32].
By substituting our fitted values of 7y and 7. of iron
into equations (3) and (4) with Debye temperature 6y =
417 K and Debye frequency wy = kg /h = 5.46 x 10'3 Hz
at ambient conditions, we get the wp and 6p of iron
as functions of volume compression (. With the aid of
EOS equation (8), the pressure dependence of the Debye
frequency and temperature can be investigated. This com-
bination of Griineisen parameter following the Al'tshuler
et al. proposition and Vinet EOS will be referred to as AV
model. We show these two pressure-dependent thermody-
namic quantities in Figure 1. It is clear from this figure
that the Debye frequency and Debye temperature increase
robustly with pressure. The rise of the phonon frequency
can be explained by the reduction of atomic vibrations
amplitudes due to the increasing of compression. Beyond
150 GPa, the slopes of Debye frequency and temperature
curves become reducible and they are almost linear pro-
portional to pressure. The initial slope of these curves is
about 4.4 K/GPa but from pressure 150 GPa and beyond,
the average slope is about 1.2 K/GPa. Furthermore, in
Figure 1, we also present the results of Debye tempera-
ture and Debye frequency (circle and square symbols) in
Anderson et al.” work [10] for comparison. Anderson et al.
have extracted these thermodynamic quantities from the
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Fig. 1. Pressure dependence of Debye frequency and Debye
temperature of iron. Our theoretical curves (red solid & dashed
lines (AV model), blue solid & dashed lines (BH model)) are
shown along with those deduced from experimental mean-
square displacements [10] (green circle and square symbols)
for comparison.

atomic mean-square displacements which were obtained
by X-ray structural refinement using the Rietveld method
on powder diffraction measurements [10]. As it can be
observed from Figure 1, our theoretical calculations follow
the data of Anderson et al. up to pressure about 300 GPa.
At pressure higher than 300 GPa, the calculations of
Debye frequency and corresponding Debye temperature
are slightly different from those measured by XRD exper-
iments. The overestimation of theoretical Debye tempera-
ture (and Debye frequency) comparing to Anderson et al.’
work progressively increases with pressure, about 0.5% at
350 GPa.

Now we present the pressure dependence of the melt-
ing point T, of iron metal. Firstly, the melting curve
of iron is plotted with the ambient melting temperature
Ty = 1811 K derived from experiments. Figure 2 shows
our calculated melting curve in conjunction with the
selected recent experimental static-compression, shock-
compression, XAS and synchrotron Mossbauer spec-
troscopy measurements up to 350 GPa, higher than the
pressure of the Earth ICB. On the theoretical side, as
it can be clearly observed from Figure 2, present the-
oretical melting curve of iron goes along with previous
predictions proposed by Alfé [20] and Anzellini et al. [15].
Being compared to experiments, our calculated melting
points are reasonable in keeping with those of previous
measurements in two pressure ranges P < 70 GPa and
P > 230 GPa. Especially, our melting line of iron follows
well the recent static compression experiments measured
by internal-resistance-heated DAC up to 100 GPa [45],
and up to 290 GPa [46]. However, the deviation between
theory and experiments can also be observed in the pres-
sure range (70 < P < 230 GPa). Anzellini et al. explained
the underestimation of melting temperature in measure-
ments is due to the fast recrystallization process instead

Eur. Phys. J. B (2020) 93: 115

Table 1. Melting temperature of iron under pressure at
temperature 7' = 300 K.

Pressure Present work (K) Sinmyo et al. [46]
(GPa) To=1811 K Tp = 1608 K (K)

97 3580 3180 3030 £+ 75
134 4040 3585 3470 £+ 85
136 4060 3605 -

151 4230 3760 3610 = 90
200 4745 4215 -

230 5040 4475 4780 4+ 120
257 5290 4700 -

290 5580 5955 5360 %+ 140
300 5665 5030 -

330 5920 5260 5500 £+ 220
350 6080 5400 -

of melting. The melting points of iron in our calculations
at some selected pressures are shown in Table 1.

It should be noted that light elements (Si, O, S, C,
H,...) included in the liquid outer core will depress melt-
ing temperature of iron alloys [54] then the upper limit
for the temperature at the boundary of Earth’s core and
outer core can be approximated from the melting point
of iron at pressure 330 GPa [22,46,55]. By assuming the
linear depression of liquidus temperature with increasing
the concentration of single light element in iron alloys [56],
Sinmyo et al. derived the temperature depression induced
by the theoretically predicted maximum concentrations
7 wt% Si, 5 wt% O, 9 wt% S, 4 wt% C [57], and
1.0 wt% H [57,58] in outer core density are 210(4+210) K
by Si, 450(£150) K by O and H, 1350(£810) K by S, and
1880(£1360) K by C [46], respectively. They found that
the minimum temperature depression is attained when
the core contains 7 wt% Si. However, because the eutec-
tic liquid in the Fe-FeSi binary includes less than 2 wt%
Si and liquid Fe with greater than 2 wt% Si crystal-
lizes CsCl-type Fe-Si alloy [59], Sinmyo et al. also showed
that the least depression of the outer core liquidus tem-
perature is 380(£170) K when the system is consisted
of 2 wt% Si and 3.6 wt% O (or 0.7 wt% H) [46]. In
our calculations, the melting point of iron at 330 GPa
is about 5920 K. Consequently, the Earth’s ICB should
be lower than 5540(+170) K. The present prediction is
reasonable in consonance with those of Terasaki et al.
(5630 % 350 K) [55] and Zhang et al. (5700 = 200 K) [22].
It is higher than those of Boehler (5100 K) [19], Laio et al.
(5400 K) [60], Sinmyo et al. (5120(£390) K) [46]; and
smaller than the values extrapolated by Anzellini et al.
(6230 £ 500 K) [15] and Alfé (6370 + 100 K) [20].

Furthermore, at a pressure representative of the CMB
(about 136 GPa) [56], the melting point of iron in this
work is 4060 K. This result is in good agreement with
recent XRD measurements made in the laser-heated DAC,
shock-wave experiments and first-principles calculations
yielding the melting point for iron at CMB pressure of
4200 K [15]. Then the upper bound for the temperature
at CMB is deduced about 3680(£170) K. Our calcula-
tion is consistent with the values derived by Sinmyo et al.
3760(£290) K [46], Andrault et al. 3800(£150) K [61].
And it is 300 K smaller than that were measured using
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Fig. 2. Melting line of iron under pressure. Our curves (red
solid & dashed lines (AV model), blue solid & dashed lines
(BH model)) are shown along with those of previous works for
comparison. Fast XRD measurements by Anzellini et al. [15]
(closed downward pointing triangle and green solid curve); the
XAS measurements by Aquilanti et al. [21] (filled right point-
ing triangle); shock-compressions by Brown and McQueen [47]
(filled square), Ahrens et al. [48] (filled circle), and Nguyen
and Holmes [8] (filled pentagram); the static-compression XRD
experiments by Ma et al. [49] (filled diamond), Shen et al. [50]
(filled hexagram), and Boehler et al. [51] (open diamond); syn-
chrotron Méssbauer spectroscopy by Jackson et al. [52] (open
upward pointing triangles); static-compression using internal-
resistance-heated DAC by Sinmyo et al. [46] (+ marks) and
Basu et al. [45] (* marks); and ab initio calculations by Bouchet
et al. [53] (brown dashed line).

laser-heated DAC by Pradhan et al. 3970(+150) K [62]
and Anzellini et al. (4050 £+ 500 K) [15].

It is worth mentioning that the melting curve in this
approach shows interesting behavior if we replace the
experimental ambient melting temperature of iron by the
one extracted from literature [49] Ty = 1608 K. The melt-
ing curve (the dashed-line) in this case is in a very good
agreement with previous reported melting points up to
pressure 330 GPa. For example, the melting temperatures
of iron inferred from resistivity measurements at 5 GPa
and 9 GPa are, respectively, 1880 K and 1990 K. [63,64].
In our calculations, values of T, at these pressures are,
respectively, 1956 K and 2060 K. At pressure 103 GPa, by
XAS technique Aquilanti et al. obtained the melting point
of iron in a laser-heated DAC of 3090 K [21]. At 135 GPa,
the measurements performed by Ahrens et al. [48] (using
shock-compression melting experiments) and Boehler [19]
(using laser-heated static-compression experiments) gave
the melting points of iron 3400 + 200 K, 3200 £+ 100 K,
respectively. Meanwhile, the results in our predictions at
pressure 103 GPa and 135 GPa are 3250 K and 3606 K,
respectively.

An important question that needs further discussion is
about some essential sources which cause the discrepancy
in investigation of iron melting point at high pressure.
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Firstly, previous works showed that the Lindemann’s melt-
ing criterion maybe work well for many metals but not for
all of them at high pressure [7,39]. One of the reasons is
caused by the lack of the consideration of electronic config-
uration of iron in this criterion [65]. Moreover, this melting
approach did not take into account point defects, vacan-
cies, dislocations, grain boundaries, and voids which may
make an contribution to the bulk melting transition [36].
Secondly, the anharmonicity contribution of lattice vibra-
tions has been neglected in the harmonic approximation
of Debye model. This would underestimate the melting
point of iron at high temperature where the thermal
lattice vibrations become considerable. Thirdly, the exper-
iments of high-pressure melting temperature have been
employed with various melting criteria which may pro-
duce the fluctuation of measured values. For instance,
in XRD techniques, the appearance of diffuse scattering
upon melting and the disappearance of diffraction lines
could be caused by the loss of long-range order but not
by a change in atomic mobility. Nevertheless, such crite-
ria are not easy to be achieved and reproduced at high
pressures as a result of the changes in absorption proper-
ties and the recrystallization of sample [52]. Furthermore,
in laser-heated DAC experiments, the variation of spatial
and temporal temperature of samples is large, especially
in the direction parallel to the compression axis. Finally,
the highest pressure experimentally generated by the pre-
vious works is about 200 GPa. A long extrapolation made
by authors to the pressure of Earth’s inner core might
cause a large uncertainty.

Before making conclusions, it should be noted that in
order to verify the validity of the proposed approach,
we use another Griineisen parameter model (e.g.
Burakovsky’s model [28]) and another EOS (e.g. Holzapfel
EOS [66]) to derive pressure-dependent Debye frequency
and temperature, and melting temperature of iron. This
will be referred to as BH model. The volume-dependent
expressions of the Debye frequency wp, the Debye temper-
ature 6p, and melting temperature 7T, are then derived,
respectively, as

wp () = wopn™/* exp {371 (1 - 771/3) + %2 (1—=nP) }’
(11)

0p (1) = bopn~ /2 exp {371 (1 - 771/3) + % (1—nP) }

(12)
and

9
T = Ton~ /3 exp {671 (1 — 771/3) + % (1- 77“)} :

(13)
where fitted parameters for iron [30] are y; = —0.1603,
v = 1.4092 and ¢ = 1.0003.

Numerical calculations for pressure dependence of these
above thermodynamic quantities using Holzapfel EOS
with AP2 form [66] have also been performed and shown
in Figures 1 and 2. As observed from these two figures,
the Debye frequency wp, the Debye temperature 6p, and
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melting temperature T, derived using BH model are in
good accordance with AV model up to pressure about
230 GPa. Beyond 230 GPa, the discrepancy between two
models starts to appear and develops together with the
increasing of pressure. It is worth to mention also that
the pressure 222 + 6 GPa may be the boundary in which
the hcp-iron completely transforms to bcec-iron phase at
temperature 4192 + 104 K [67].

4 Conclusions

In conclusion, the Debye model has been applied to inves-
tigate the pressure dependence of the Debye frequency
and temperature, and melting temperature of iron based
on the definition of the Griineisen parameter in the Debye
model. We derived the analytical expressions of these ther-
modynamic quantities as functions of volume compression
in within the Debye model. Numerical calculations were
performed for iron up to pressure 350 GPa of Earth’s
inner core. Our work shows that the Debye frequency and
Debye temperature increase rapidly with compression,
and beyond 150 GPa they behave like linear functions
of pressure. From the melting point of iron, we estimate
the temperatures of the Earth’s inner-outer core bound-
ary and core-mantle boundary. The temperature of the
Earth’s inner-outer core boundary is predicted lower than
5540(£170) K and the temperature of the core-mantle
boundary is about 4060 K. The reported results increase
the database of high-pressure melting temperature of iron,
and can be useful for geophysical investigation.
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