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a b s t r a c t

The anharmonic effects of gold in extended X-ray absorption fine structure (EXAFS) have been investi-
gated through the consideration of the first four EXAFS cumulants up to temperature 800 K within the
anharmonic correlated Debye model. The interatomic potential between two intermediate atoms has
been described by the second-moment approximation to the tight-binding model and its parameters
were determined from first-principles calculations. Our results of the first four EXAFS cumulants and
anharmonic effective potential are compared with those of experiments showing the good and
reasonable agreements. We have shown in detail that the anharmonicity contributions of the thermal
vibration of atoms are important to EXAFS cumulants at high temperature.

© 2017 Elsevier Ltd. All rights reserved.
1. Introduction

The extended X-ray absorption fine structure (EXAFS) spec-
troscopy is a powerful technique for investigating local structures
of crystalline as well as amorphous materials [1,2]. It provides
apparently different structural information such as bond distances,
coordination number and geometry at various high temperature
due to anharmonicity [3,4]. This technique can be used indepen-
dently or in coordination with X-ray crystallography or nuclear
magnetic resonance spectroscopy [1]. The formalism for including
anharmonic effects in EXAFS is often written on the basis of the
cumulant expansion approach as [5,6].
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where k and l are, respectively, the wave number and mean free
hoa), hieuhk@duytan.edu.vn
path of emitted photoelectrons, FðkÞ is the real atomic backscat-
tering amplitude, 4ðkÞ is net phase shift, the thermal average dis-
tance R ¼ 〈r〉 with r is the instantaneous bond length between
absorbing and backscattering atoms, and Cn ðn ¼ 1;2;3; :::Þ are the
EXAFS cumulants. The cumulant method allows the characteriza-
tion of the first coordination shell in terms of parameters which
describe the distance distributions as the first cumulant C1 is the
mean value which describes the net thermal expansion or disorder;
the second cumulant C2 is the variance which characterizes the
Debye-Waller factor [7,8]; the third cumulant C3 measures the
distribution asymmetry which describes the asymmetry of the pair
distribution function; and the fourth cumulant C4 measures the
flatness of distribution function and gives the anharmonic contri-
bution to EXAFS amplitude [9,10].

There are many methods that have been developed in order to
study the temperature dependence of EXAFS cumulants such as
path-integral effective-potential theory [11], statistical moment
method [12], Debye model [13] and Einstein model [14]. A simple
connection between EXAFS cumulants and pair interaction poten-
tial has been obtained for a cluster of atoms using the correlated
Einstein model [14] and the first-order thermodynamic perturba-
tion theory [15,16]. However, to the best of our knowledge, no
theoretical calculations has been done to predict the temperature
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effects on EXAFS cumulants of gold metal. One of the reason is that
theMorse potential, which is frequently used in Einstein and Debye
model [17,18], is not suitable to describe the complex atomic
interaction of gold metal. It requires the more accurate interatomic
interaction form for metallic systems such as the many body
embedded-atom potentials [19], FinniseSinclair [20], Rosa-
toeGuillop�eeLegrand [21], and SuttoneChen [22,23] types.
Experimentally, several EXAFS measurements for gold were per-
formed at ambient pressure [24,25] and under pressures up to
14 GPa using large volume high-pressure devices [26]. And then the
cumulants were derived by the best fitting of experimental spectra
to the simulated spectra built up using theoretical phases and
amplitudes provided by the FEFF code [25,27].

The purpose of this work is to investigate the anharmonicity
contributions to the EXAFS cumulants up to fourth order of gold
metal. Anharmonic correlated Debye model (ACDM) [18] has been
applied for gold crystal on the basis of the interatomic potential
which has been derived by the second-moment approximation
(SMA) to the tight-binding (TB) model [28]. The numerical results
have been carried out and compared to other results and experi-
mental values.
2. Theory

First of all, we summarize the results of EXAFS cumulants which
were derived based on the correlated Debye model [13]. In solid-
state physics, for the crystal with N atoms, the Debye model as-
sumes a homogeneous systemwith a constant speed of sound c, the
same linear dispersion relation u ¼ c:k, and the density of states is
quadratic as it is in the long wavelength limit. The maximum
phonon frequency uD is so-called the Debye frequency, qD ¼ ZuD

kB
(kB

is the Boltzmann constant, Z is the reduced Planck constant) is the
Debye temperature above which all modes begin to be excited and
below which modes begin to be “frozen out”, c ¼ uD=kD is the

Debye approximation for the speed of sound and kD ¼ ð6p2N=VÞ1=3
is a measure of the inverse inter-particle spacing [29].

The correlated Debye model in EXAFS may be defined as an
oscillation of a pair of atoms with massesM1 andM2 (e.g., absorber
and backscatterer) in a given system. This model has been used
efficiently to estimate the temperature-dependent EXAFS cumu-
lants [30]. The ACDM is a further development of the correlated
Debye model based on the anharmonic effective interaction po-
tential which is given by Ref. [18].
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here the oscillation of absorber and backscatterer is influenced by
their neighbors given by the last term in the left-hand side of Eq.
(2), where the sum i is over absorber (i ¼ 1) and backscatterer
(i ¼ 2), and the sum j is over all their nearest neighbors, excluding
the absorber and backscatterer themselves. The latter contributions
are described by the term VðxÞ. And keff is the effective force con-
stant, k3 and k4 are, respectively, the cubic and quartic parameters
giving an asymmetry in the pair distribution function due to
anharmonicity and x ¼ r � r0 is the deviation of instantaneous
bond length between the two intermediate atoms from
equilibrium.
For the case of vibration between absorber and backscattering
atoms and using the interatomic effective potential, the dispersion
relation is expressed as [31].
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where q is the phonon wave number, M is the mass of composite
atoms.

Applying for face-centered cubic crystals, the anharmonic
interatomic effective potential in the present ACDM has the form as
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�x
2

�
þ 8V

�
�x
4

�
þ 8V

�x
4

�
: (4)

In this work, the interaction between metallic gold atoms is
assumed, and could be described by an empirical many-body po-
tential, derived in analogy of the TB-SMAmodel which is written as
[32].

VðrÞ ¼ VBðrÞ þ VRðrÞ; (5)

where VB
eff ðxÞ represents the band-structure term which has a

many-body character due to its square root form as

VBðrÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2e�2q½ðr=r0Þ�1�

q
; (6)

and VRðrÞ is a pair-potential repulsive term (Born-Mayer type),

VRðrÞ ¼ Ae�p½ðr=r0Þ�1�: (7)

It should be noted that, the TB-SMA potential takes into account
the essential band character of the metallic bond: the band-
structure term is proportional to the effective width of the elec-
tronic band and the repulsive pair-potential term, which in-
corporates the non-band-structure parts, includes electrostatic
interactions [28]. The potential parameters have typically been
determined by fitting to experimental data of cohesive energy,
lattice constant, bulk modulus, and elastic constants of the system.

From the derived effective force constant, we obtain the force
constants keff ; k3 and k4 in terms of TB-SMA potential parameters
and then the Debye frequency uD and Debye temperature qD as

uD ¼ 2

ffiffiffiffiffiffiffiffi
keff
M

s
; qD ¼ ZuD

kB
: (10)

Usually, anharmonic EXAFS analysis deals with the cumulants
up to the fourth order which are related to the moments of the
distribution function. The first four EXAFS cumulants within the
ACDM have been recently derived by Hung et al. [18]. The first
EXAFS cumulant describes the net thermal expansion or disorder in
EXAFS theory. It was derived as

C1 ¼ hr � r0i ¼
3Zak3
2pk2eff

Zp=a
0

uðqÞ1þ ZðqÞ
1� ZðqÞdq: (11)

To a good approximation, the second cumulant C2 corresponds
to the parallel mean-square relative displacement (MSRD) charac-
terizing Debye-Waller factor which has the form as
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C2 ¼
D
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where ZðqÞ ¼ exp½bZuðqÞ�; b ¼ 1=kBT ands2o ¼ Za
2pkeff

is the zero-

point contributions to the second cumulant C2.
The third cumulant describes the asymmetry of the pair distri-

bution function in EXAFS theory and contributes to the phase shift
of EXAFS spectroscopy. It has the following form
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The fourth cumulant measures the flatness of distribution
function and gives the anharmonic contribution to EXAFS ampli-
tude. It has been derived and given by
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with q4 ¼ �ðq1 þ q2 þ q3Þ:
3. Results and discussion

In this section, the expressions derived in the previous section is
applied to numerically determine the first four EXAFS cumulants of
gold metal. The TB-SMA potential parameters determined from
first-principles calculations for gold bulk material are respectively
x ¼ 1:8241 eV, A ¼ 0.2145 eV, q ¼ 4.3769, p ¼ 10.8842 and
r0 ¼ 2:8652 Å [32]. Using these parameters, we derive the three

force constants as follows keff ¼ 3:06 eV=�A
2
; k3 ¼ �1:58 eV=�A

3
;

and k4 ¼ 1:79 eV=�A
4
: The second order effective force constant in

our calculations keff ¼ 3:06 eV=�A
2
z48:9 N=m2 is in reasonable

agreement with those of estimations from the experimental

phonon dispersion curves keff ¼ 39:9 N=m2z2:49 eV=�A
2
[33], and

from the experimental values of C2 and C3 in EXAFS measurements

keff ¼ 3:80 eV=�A
2 ¼ 60:8 N=m2[26]. Furthermore, using this

effective force constant, we derive the Debye temperature of gold
metal as qD ¼ 186 K. Our Debye temperature calculation is
consistent with the one determined by fitting the experimental
EXAFS oscillations qD ¼ 180±4 K performed by Comaschi et al. [25].
Especially, previous works also reported the value for the Debye
temperature of gold bulk ranging from 165 K at low temperature to
nearly 190±4 K at high temperature [34,35].
Our derived force constants were used for calculation of the

anharmonic effective potential Veff as a function of bond length
deviation x ¼ r � r0 as shown in Fig. 1. The effective potentials
derived by Okube et al. [26] (under pressure 0.1 MPa) and Comaschi
et al. [25] have also been displayed for comparison. As observed in
Fig.1, there is a small difference between our effective potential and
Okube et al.’ one that can be explained by the narrow of potential
width under pressure 0.1 MPa in Okube et al. measurements. The
discrepancy of Comaschi et al.’ result at the right hand-side of Fig. 1
could origin from the smaller force constant keff and the difference
of the anharmonic effective force constant k3. The values of k3 in the
present work, Okube et al. and Comaschi et al. determinations are

�1:58 eV=�A
3
;�1:27 eV=�A

3
;and �1:94 eV=�A

3
, respectively.

Furthermore, there is the lack of the fourth order effective force
constant k4 in Comaschi et al.’ and Okube et al.’ works.

In Fig. 2, we show the thermal behavior of the first shell inter-
atomic distance of the gold calculated by using the ACDM with the
TB-SMA interaction potential. The inset figure is the interatomic
distance difference DC1, relative to the T ¼ 20 K spectrum. Our
results (solid lines) are compared with those of experimental



Fig. 2. Temperature-dependent interatomic distances of gold. Our calculations (solid
lines) are presented in comparison to experimental data [24,25].

Fig. 3. Temperature dependence of the second cumulant C2 of gold. Experimental data
of C2 [24] and the difference DC2 ¼ C2ðTÞ � C2ð20 KÞ[25] are shown for comparison.

Fig. 4. Temperature dependence of the third cumulant C3 of gold. Theoretical calcu-
lations (solid lines) are presented along with the experimental data of C3 [24] and
DC3 ¼ C3ðTÞ � C3ð20 KÞ[25].

Fig. 1. Anharmonic effective potential of gold.
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measurements [24,25]. As observed in Fig. 2 that theoretical values
are in reasonable agreement with the experimental measurements
up to 800 K. The rapid increasing in the interatomic distances at
high temperature indicates the stronger anharmonicity contribu-
tion of the thermal lattice vibration.

Fig. 3 reports the temperature dependence of the second
cumulant C2 and the differenceDC2 ¼ C2ðTÞ � C2ð20 KÞ (in 10�2 Å2)
between the second cumulant C2 at temperature T and 20 K for the
first-shell distances of Au metal in comparison to those of experi-
mental results [24,25]. As seen in Fig. 3 that the good agreement
between theoretical calculations and experimental measurements
is found and the second cumulant increases rapidly with the
increasing of temperature. The rapid increasing in the second
cumulant C2 also indicates the contributions of thermal lattice vi-
brations are important at high temperature. It means that the
present ACDM formalism takes into account the quantum-
mechanical zero-point vibrations as well as the anharmonicity
and enables us to calculate the cumulants of crystals for a wide
temperature range. Furthermore, it should be noted that the second
cumulant C2 corresponds to the parallel MSRD characterizing the
EXAFS Debye-Waller factor that effects on the amplitudes of EXAFS
oscillations. This factor is sensitive to both the structural and
thermal disorder. The contribution of thermal disorder provides
information on the effective bond stretching force constant be-
tween absorber-backscatterer pair corresponding to the dynamical
properties of them.

In Fig. 4, we present the temperature dependence of the third
cumulant C3 obtained from the current ACDM approach up to 800 K
together with the experimental data measured by Newville [24].
The inset figure is the relative values of the third cumulant
DC3 ¼ C3ðTÞ � C3ð20 KÞ up to 300 K. The experimental data of
Comaschi et al. [25] are also displayed for comparison. Below 100 K
the values of the third cumulant are very small but different from
zero due to the zero point vibration contributions (a quantum ef-
fect). When temperature increases, the third cumulant grows
progressively, showing an anharmonic contribution of thermal vi-
brations to C3 at high temperature. It makes the deviation of the
effective distribution from a Gaussian approximation. As observed
in this figure we can see that our theoretical calculations of C3
coincide with experimental data up to 800 K.

Here, it should be noted that, in EXAFS theory, the cumulant
ratio C1.C2/C3 is often considered as a criterion for cumulant study
[17]. This ratio is used to identify the temperature threshold above



Fig. 5. Temperature dependence of cumulant ratio C1.C2/C3 of gold.
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which the cumulant ratio gradually approaches to the constant
value of 1/2 so that the classical limit is suitable. In Fig. 5, we show
the temperature dependence of the cumulant ratio C1.C2/C3 of gold
metal calculated using the present ACDM approach. The threshold
temperature deduced from this work is about 500 K. The quantum
theory is applicable for any temperature, but reduces to the clas-
sical limit at temperature higher than 500 K. Below 500 K the
classical calculations lose validity.

The temperature dependence of the fourth cumulant C4 of gold
is shown in Fig. 6. As it can be seen from this figure, our results are
in good agreement with experimental measurements performed by
Newville [24]. The fourth cumulant C4 is weakly sensitive to the
temperature and then gives a small contribution to the amplitude
to the EXAFS oscillations, e.g., it is less than 5% with wave number
k ¼ 5 Å�1. Usually, this quantity and higher order cumulants can be
neglected in EXAFS analysis.

4. Conclusions

In this work, the anharmonic effects of gold in EXAFS have been
considered based on the investigation of EXAFS cumulant within
the ACDM approach. The TB-SMA potential has been used to
Fig. 6. Temperature dependence of the fourth cumulant C4 of gold.
Newville's experimental data of C4 are also displayed for comparison [24].
numerically calculate the first four EXAFS cumulants up to 800 K.
Our calculations have shown that the anharmonicity contributions
of thermal lattice vibrations are important to the first, second and
third cumulants, especially at high temperature. This approach
could be used to verify as well as analyze the future high-
temperature EXAFS experiments. It could also be extended to
study thermodynamic properties including anharmonicity of alloys
in EXAFS theory in the near future.
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