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The present article is aimed to investigate the second cumulants, and the thermodynamic quantities are dependent on temperature and pressure in the X-ray absorption ﬁne structure spectrum. The expressions have been
build by using the model of the non-harmonic correlation of Einstein and Debye. A simple calculation was used to
instead complex problems caused by the interaction of many particles in the system. The signiﬁcant results of this
work are the Morse potential parameters have been theoretically calculated method, determined the temperature
dependence of the second cumulant, mean square displacement and correlation function for copper, tungsten, and
copper-tungsten alloy of ratio 93-07 percent (W93Cu07) under pressure up to 14GPa. Calculated the second
cumulant dependence on the pressure in a range from 0GPa to 14GPa and clearly analysed the difference between
the second cumulant at different pressure for atoms of tungsten, copper and tungsten-copper alloy. Numerical
results according to the present theory agree well with experimental data and previous views.

1. Introduction
The Debye-Waller factor (DWF) appear in Extended X-Ray Absorption
Fine Structure (EXAFS) were determined in previous researches [2, 5], as
the temperature increases, DWF causes a decrease in the amplitude of the
EXAFS spectrum due to thermal oscillations of the atoms, DWF decreases
exponentially, in which a quantity is the second cumulant σ 2 ðTÞ or the
Mean Square Relative Displacement (MSRD) of the pair atoms. MSRD
mentions correlated averages of the relative displacement for a pair of
atoms. In an inversion, in the diffraction or X-ray absorption, the DWF
has form u2 ðTÞ characteristic for an atom's Mean Square Displacement
(MSD) [1]. The quantities σ 2 ðTÞ and u2 ðTÞ are related to each other, from
which it can deduce Displacement-Displacement Correlation Function
CR ðTÞ to deﬁne the correlated inﬂuences in the atoms oscillation. DWF is
a quantity used mainly to determine the crystal structure and thermodynamic parameters in the EXAFS spectrum. There have been many
studies on calculating and analyzing the temperature dependence of the
second cumulant or MSRD. [11, 14], MSD u2 ðTÞ [5, 13], and the correlation effects between thermodynamic parameters for cubic crystal
structures [6]. However, the temperature dependence under pressure
affects up to 14GPa of second cumulant σ 2 ðTÞ, mean square displacement
u2 ðTÞ, atomic correlation displacement functionsCR ðTÞ and the relationship between thermodynamic parameters due to anharmonicity in

EXAFS spectra for intermetallic alloys have not been studied to date. In
previous studies, the thermodynamic parameters and the cumulants or
DWF were determined depending only on temperature or pressure. This
study considered the effects of both temperature and pressure for thermaldynamic parameters of crystals because thermodynamic parameters,
the second cumulant or MSRD and MSD, are also very sensitive to pressure. If these effects are fully understood, creating new materials that can
withstand high temperatures and withstand the effects of high pressure
will be a new step in materials science.
In this work, the dependence on temperature of the correlation
displacement function with the force of pressure is analyzed and
described based on the Debye-Waller coefﬁcient or the second cumulant
in EXAFS. Using the anharmonic correlation Einstein model (ACEM) [6],
have been determined the expression of the second cumulant depends on
temperature under the inﬂuence of pressure σ 2 ðT; PÞ. By the anharmonic
correlation Debye model (ACDM) [7], we deﬁned the mean square
displacement u2 ðT; PÞ and the relationship between thermodynamic parameters due to the non-harmonicity in EXAFS. The complex
three-dimensional problem due to the many-particle effect was replaced
by a one-dimensional problem based on effective potentials, in which
have calculated the interactions of the absorbed and scattered atoms with
the neighbouring atoms. The Morse potential describes single-pair interactions of atoms. This work also compares the second cumulant σ2

* Corresponding author.
E-mail address: ducnb@daihoctantrao.edu.vn.
https://doi.org/10.1016/j.heliyon.2021.e08157
Received 1 March 2021; Received in revised form 27 July 2021; Accepted 7 October 2021
2405-8440/© 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/bync-nd/4.0/).

N.B. Duc

Heliyon 7 (2021) e08157

obtained from ACEM and the mean square displacement u2 from ACDM.
The obtained analytic expressions were applied to numerical calculations
for crystals with face-centred cubic (fcc) and body-centred cubic (bcc)
structures and alloys, and applications to copper (Cu), tungsten (W)
crystals and tungsten-copper W93Cu07 alloy. Here, W93Cu07 is the alloy
with 93% W and 7% (1%) Cu. Tungsten-copper is a product with very
high resistance to heat, hardness, and electrical conductivity. In which,
W93Cu07 alloy is used the most.

From Eqs. (4), (5), (6) we have the expression for the relationship
between the quantities:
CR ðT; PÞ ¼ 2u2j ðT; PÞ  σ 2j ðT; PÞ:

To determine the quantities in Eq. (7) with the non-harmonic inﬂuence, we need to calculate the effective force coefﬁcients (SFCs) of a
neighbouring atoms group. The calculation is made by the effectual nonharmonic potential energy, it is a function of the shift x with the inﬂuence
of pressure. The non-harmonic potential is written in ACEM (indexed as
AE) and ACDM (indexed as AD) [7, 11].

2. Formalism
The non-harmonic EXAFS spectrum is often expressed as [2].
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Ueff

!!


X ð2ikÞn  
S2 N
2R
Im eiΦðkÞ exp 2ikr0 þ
χ ðkÞ¼ 0 2 FðkÞexp 
σ ðnÞ T
;
kR
λðkÞ
n!
n

AE=AD

χ ðkÞ ¼

j

kR2j

2σ 2j k2 2Rj =λ

Fj ðkÞe

e



sin 2kRj þ δj ðkÞ :

The effective force constants SFCs and the cubic parameters CP can be
received when calculating the effective potential under the inﬂuence of
both temperature and pressure, with pressures have change magnitudes.
We called M1 and M2 the mass of absorbed and scattered atoms and
considered the approximate mass of the atom pair at the centre of the line
joining the two atoms.
AE
In the ACEM, the effective non-harmonic potential Ueff
ðx; PÞ has the
form
AE
ðx; PÞ ¼ Uðx; PÞ þ
Ueff

(2)

tential energy of a single-particle system. When taking into account only
the interactions of N neighbouring atoms, the effective potential energy
AD
ðx; PÞ is
Ueff
AD
Ueff
ðxÞ ¼

(3)





Uðx; PÞ ¼ D e2φxP  2eφxP  D  1 þ φ2 x2 P2  φ3 x3 P3 þ ::: ;

(4)
In case v0 ¼ vj , quantities

and CR ðT; PÞ, will be written as

AE=AD
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u2j ðT; PÞ ¼ 〈 v0 : <bj 〉 ¼ 〈 vj : <bj 〉;

(5)




CR ðT; PÞ ¼ 2〈 v0 : <bj vi : <bj 〉:

(6)

(11)

in Eq. (11), D is the dissociation energy and 1=φ is width of the potential.
For two-component alloy, if the components are denoted by 1 and 2, then
we have φ12 and D12 , and the values of the quantities are computed in
terms of the doping ratio of the alloy [4, 9].
The SFCs are expressed as




2
2
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u2j ðT; PÞ

(10)

Using Eqs. (9), (10), and instead of the calculation for the system of
equations three-dimensional because of the inﬂuence of multi-atoms, we
calculate a more simple one-dimensional equation due to using effective
interaction potential Morse, with N ¼ 12 for fcc and N ¼ 8 for bcc
crystals.
Expand the U(x, P) to third order, we have

Comparison the Eqs. (1) and (3), for the non-harmonic vibration, we
deduce the second cumulant depend on temperature and pressure has the
form

σ 2j ðT; PÞ ¼ 〈 <bj : vj  v0

N
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mass.
AD
Using ACDM with the potential energy Ueff
ðx; PÞ is the effective po-

0
0
distance r which is described by rj ¼ <bj ðvj  v0 Þ; with <bj is the
component vector and is equal to the unit of the atom j at balance position, vj is the shift vector of atom j, and v0 is the shift vector of the
absorbing atom in the origin position.
Based on Eq. (1), the MSRD σ2 found by averaging the term
〈expð2iκrj Þ〉 [2].




X μ
U
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in Eq. (9), quantity U(x, P) is the powerful potential energy between the
absorbing and backscattering atoms under the inﬂuence of pressure. The
sum of i runs from 1 to 2 for pairs of absorbing and scattering particles,
and the sum of j runs overall neighbours in a group of atoms. Quantity
<b ¼ <=j<j is the unit vector and μ ¼ M1 M2 =ðM1 þM2 Þ is the reduced

Debye–Waller factor (DWF), and the quality σ 2j is second cumulant or the
mean square relative displacement (MSRD) of the bond between two
nearest-neighbor atoms [6]. During neutron diffraction or X-ray absorption, the DWF has the similar form of DW ¼ ðk2 u2j Þ=2. In EXAFS
spectra, the DWF is a correlation means to compare the correlation
displacement of σ2 for an absorbed and backscattered atoms pair. In
contrast, neutron diffraction describes the MSD of an atom.
In atomic oscillation, at temperature T, two atoms are separated by a



are the effective SFC and the cubic parameters (CP),

AD
Ueff
ðxÞ is due to the distinction between the quantities SFCs and CPs.

In the Eq. (2), the exponential function DW ¼ 2σ 2j k2 is the



AE=AD

, k3eff

(8)

x ¼ r  r0 is the net thermal expansion, and r is the range of the two
atoms at temperature T and pressure P, and r0 is the value of r in balance
AE
ðxÞ and
position and P ¼ 0 GPa. In Eq. (8), the contrast of quantities Ueff

where S20 is the intrinsic loss factor due to many electron effects and this
quantity characterize for many particles effects, N is the atomic number
of a shell, FðkÞ is the atomic backscattering amplitude, ΦðkÞ is the total
phase shift of photoelectron, k and λ are the wave number and mean free
path of the photoelectron, respectively, and σ(n) (n ¼ 1, 2, 3,…) are the
cumulants and they describe asymmetric components of interactive potential. The latter are due to the thermal average of the function e2ikr , in
which the asymmetric terms are expanded as a Taylor series around R ¼
< r >, where r is the instantaneous bond length between absorbing and
scattering atoms at temperature T.
In the non-harmonic approximation and single-bond potential, Eq. (1)
is rewritten as [5].
0

1 AE=AD
AE=AD
ðxÞ  k eff x2 þ k 3eff x3 ;
2

where keff

(1)

X S2 Nj

(7)

keff

¼ aD12 φ212 ;

AE=AD

k3eff

¼ bD12 φ312 :

(12)

For the ACD model, the constants a ¼ 8; b ¼ 3/4, in the ACE model a
¼ 5; b ¼ 5/4.
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Table 1. Quantities D12 and ф 12 and μ at pressure 0 GPa compared to experiments [11, 12] and other theory [3].
Quantity/Crystal

D12 [eV] (Present)

D12 [eV] (Exp. [11, 12])

1
φ12 ½
A  (Present)

D12 [eV]
[3]

1
φ12 ½
A  (Exp. [11, 12])

1
φ12 ½
A  [3]

μ(10(26)) [eV/Ǻ2s2]

Cu–Cu

0.3429

0.3528

0.3426

1.3588

1.4072

1.3591

0.6622

W–W

0.9922

0.9907

0.9915

1.4115

1.4405

1.4122

1.9167

W93Cu07

0.9467

-

1.3982

-

-

1.8289

Table 2. Quantities keff and k3eff at pressure 0 GPa and compared to other theories [3, 8].
Quantity/
Crystal

2
kAD
eff [eV/Å ]

2
kAD
eff [eV/Å ]

2
kAE
eff [eV/Å ]

2
kAE
eff [eV/Å ]

3
kAD
3eff [eV/Å ]

3
kAD
3eff [eV/Å ]

3
kAE
3eff [eV/Å ]

3
kAE
3eff [eV/Å ]

(Present)

[3]

(Present)

[8]

(Present)

[3]

(Present)

[8]

Cu–Cu

3.1655

3.4931

2.3214

5.0649

0.4748

0.8070

0.7914

0.8831

W–W

9.8840

9.4365

7.2482

7.8143

1.4826

1.4768

2.4710

2.5867

W93Cu07

9.2537

-

6.7860

-

1.3881

-

2.3134

-

Table 3. Quantities D12, ф12, keff, and k3eff at pressures 0 - 14GPa, application to W93Cu07.
Pressure[GPa]

D12 (eV)

1
φ12 ½
A 

2
kAE
eff ðeVA Þ

2
kAD
eff ðeVA Þ

3
kAE
3eff ðeVA Þ

3
kAD
3eff ðeVA Þ

0

0.9467

1.3982

6.7860

9.2537

2.3134

1.3881

5

0.9745

1.2785

6.6332

8.9756

2.2415

1.2426

10

1.3114

1.2168

6.5428

8.6843

2.1902

0.9815

14

1.5830

1.1884

6.3795

8.1782

1.8527

0.9527

To deduce thermodynamic parameters in Eqs. (5), (6), (7), we
determined quantities according to the Debye model with all different
frequencies, with wavenumber q. Using the ACD model, we have u2 ðT; PÞ
ℏc
u ðT; PÞ ¼
2π kAD
eff
2

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
π =c
Z
2kAD
1 þ eðβℏωðqÞÞ
eff
2
dq;
jsinðqc = 2Þj
M
1  eðβℏωðqÞÞ
0

σ 2 ðT;PÞ¼

After substituting

u2 ðT;PÞ¼

ℏc
16π D12 φ212

ﬃ

Zπ=c sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
5D12 φ212
15
1þeðβℏωAE ðqÞÞ
dq; jqj π=c:
s φ12 a
2
μ
1eðβℏωAE ðqÞÞ
0

(15)
1
:
β¼
kB T

with s ¼ 5 for fcc and s ¼ 11/3 for bcc, c is the net coefﬁcient, the
quantities q, M, and μ have described above.
From Eqs. (7), (14), and (15) we received CR ðT; PÞ

(13)
kAD
eff

ℏc
10π D12 φ212

2 π=c rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Z
ℏc
D12 φ212
1 þ eðβℏωAD ðqÞÞ
41
8
dq 
CR ðT; PÞ ¼
jsinðqc = 2Þj
2π D12 φ212 4
M
1  eðβℏωAD ðqÞÞ

from Eq. (12) into Eq. (13), quantity u ðT; PÞ as
2

Zπ =c rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D12 φ212
1 þ eðβℏωAD ðqÞÞ
jsinðqc=2Þj
8
dq; jqj  π=c:
M
1  eðβℏωAD ðqÞÞ

0

0

1

5

(14)
Similar, according to the ACE model, we have the expression of

3


Zπ=c sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
5D12 φ212
15
1 þ eðβℏωAE ðqÞÞ 5
1
; jqj  π=c:
s  φ12 a
dq ; β ¼
2
kB T
μ
1  eðβℏωAE ðqÞÞ
0

σ 2 ðT;PÞ

(16)

Figure 1. Graph depicting second cumulant in terms of T, application to Cu, W, W93Cu07 at 0 GPa (a), and W93Cu07 alloy up to 14 GPa (b).
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Figure 2. Graph depicting u2 in terms of T, application to Cu, W, W93Cu07 at 0 GPa (a), and W93Cu07 alloy up to 14 GPa (b).

Figure 3. Graph depicting function CR(T, P), application to Cu, W, and W93Cu07 at 0 GPa (a), and W93Cu07 up to 14 GPa (b).

3. Results and discussion

displacement around the equilibrium position, at high temperatures, the
displacement will be stronger. Nevertheless, when the pressure is
increased, it creates a force to limit the thermal vibrations of the atoms
and directly affects and reduces the lattice expansion, so the values of σ2
and u2 ðT; PÞ decrease more strongly at high pressure and temperatures.
Moreover, σ 2 ðTÞ has a greater value than u2 ðTÞ, showing that the
damping factor in the EXAFS spectrum of the ACD model is more larger
than those of CD model. This difference comes from the choice of the

Application to calculate for Cu, W crystals and W93Cu07 intermetallic
alloy by using Eqs. (14), (15), (16). Theoretical calculation results for the
parameters of Morse potential in case unaffected of pressure (0 GPa) are
summarized in Table 1, and the SFCs outlined in Table 2. The results in
the Tables 1 and 2 have indicated this method is consistent with the
measurements from experiments [11, 12] and previous studies [3, 8].
The results of the parameters of Morse potential are listed in Table 3. The
elastic force constant and the cubic constant at in case pressure up to 14
GPa application to W93Cu07 alloy have been determined. Substitute the
results in Tables 1 and 2 into Eqs. (14), (15), and (16), we received values
of quantities u2 ðT; PÞ, σ 2(T,P), and CR ðT; PÞ.
Figures 1 and 2 show the dependence on temperature of second
cumulant or DWF σ 2 ðT; PÞ and MSD u2 ðT; PÞ, respectively, for Cu, W, and
W93Cu07 at pressure 0 GPa (see the graphs in Figures 1a and 2a), and
W93Cu07 in the case pressure range from 0GPa to 14GPa (see the graphs
in Figures 1b, 2b). In these ﬁgures, it can be seen that at high temperatures, the line curves describing quantities σ 2 ðT; PÞ and u2 ðT; PÞ are linearly ratio to the T, which may apply to classical theory. At temperatures
less than, the line curves for Cu, W, and W93Cu07 include the energy of
point zero, this is a quantum activation, and σ 2 ðT; PÞ is greater than
u2 ðT; PÞ at all temperatures. Thus, the calculated results are suitable
because the study used quantum statistical methods, so the results are
correct over the whole temperature range. Figures 1b, 2b, for W93Cu07
alloy show that as the pressure increases, the values for σ 2 ðT; PÞ and
u2 ðT; PÞ decrease, especially at high temperatures, the values decrease
more strongly. In previous studies, the MSRD and MSD are only dependent on temperature. Due to thermal oscillations, the pairs of atoms only

Figure 4. Graph depicting function Δσ2(P), application to W93Cu07 alloy.
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Declarations

quantity and mass of the atoms in each model. For the ACD model, the
number (and hence the mass) of the atom are only 50% of the CD model.
Thus, an atom is only as effective as an atom with only half a particle
(called quasi-atom).
Figure 3 illustrate the quantityCR ðT; PÞ, application to Cu, W, and
W93Cu07 at 0 GPa (Fg. 3a), and for W93Cu07 alloy up to 14 GPa (Fg. 3b).
Like in Figures 1 and 2, the line curves of CR is linearly ratio to T at
signiﬁcant temperatures and include energy at zero-point at small temperatures. The numerical results of thermodynamic expressions have
been built and applied to Cu, W crystals in good agreement with the
measurements from the experiment [11, 12] and previous studies [3, 8].
From that can be deduced results application to W93Cu07 alloy is
acceptable.
Figures 1b, 2b, 3b describes line curves of the σ 2 ðT; PÞ, u2 ðT; PÞ, and
theCR ðT; PÞ, respectively, application to W93Cu07 alloy and inﬂuence of
pressures in the range from 0 GPa to 14 GPa. As the pressure addition, the
curve line of W93Cu07 alloy has formed similar to the curve lines for Cu,
W crystals, which means they are linearly ratio to T at signiﬁcant temperatures and include energy at zero-point at small temperatures.
Simultaneously, as the pressure increases, the values for σ 2, u2, and CR
decrease, especially at high temperatures and pressure, the values
decrease very strongly. As explained above, when the temperature and
pressure increase, the lattice expansion and thermal oscillation of the
pairs of atoms decrease sharply, so the MSRD and MSD decrease very
strongly. The bonds of the two types of atoms are more closely due to the
bonds energy is higher, making the lattice system much more stable. This
one explains why alloy W93Cu07 has a very high hardness and temperature resistance.
Figures 1b, 4 illustrate expressions of the DWF σ 2 ðT; PÞ and Δσ 2 ¼
2
σ (P)  σ 2(0 GPa) have been built and applied to W, Cu crystals and
W93Cu07 alloy. The results are compared with experimental measurements [11, 15] and other theories have been published [3, 8, 10]. See
these graphs. Our numerical results are in agreement with the results of
Dalba et al. and Hung et al. for W and Cu. The DWF curve of W93Cu07
alloy similar to the curve of Cu and W, lower gradually when temperature
and pressure increases. At 290K temperature, difference Δσ 2 ¼ σ 2(7 GPa)
 σ 2(0 GPa) of W93Cu07 is - 0.093. 103 Å2. At 14 GPa and T ¼ 290K
difference Δσ 2 ¼ σ 2(14 GPa)  σ 2(0 GPa) is reduced and has a value of 0.482. 103 Å2 (Figure 4). The descent of σ 2 graph curve at 700K temperature, at 0GPa and at 14 GPa are, respectively, -0.188. 103 Å2 and
-1.462. 103 Å2 (Figure 1b). As a result, the EXAFS spectral amplitude
will be reduced. The reason is that when the pressure is increased, the
thermal vibrations of the atoms will be limited. Hence the relative
displacement of the particles decreases.
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4. Conclusions
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which considers all neighbouring atoms' contributions. The difference
between effective SFCs and the number (hence the mass) of particles
oscillating in both models gave rise to the difference in thermodynamic
properties of the crystal.
The second cumulant, mean square displacement, and correlation
function is linearly ratio to T at signiﬁcant temperatures and include
energy at zero-point at small temperatures, and this is a quantum effect.
The suitable between the numerical results by the method in this
work and the data of experiments and computing according to previous
studies shows the suitability of the present calculation.
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